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In this paper, we study two different insulating three-dimensional (3D) quantum magnets. In the
first part of this paper, we propose a strain-induced topological phase transition in 3D topological
insulating antiferromagnets. We show that by applying (100) uniaxial strain, 3D antiferromagnetic
Weyl magnons (WMs) in insulating antiferromagnets are an intermediate phase between a strain-
induced 3D magnon Chern insulator (MCI) with integer Chern numbers and a 3D trivial magnon
insulator with zero Chern number. In addition, we show that strain suppresses the topological
thermal Hall conductivity of magnons. Our results provide a powerful mechanism for investigations
of topological phase transitions in 3D chiral topological antiferromagnets. In the second part of this
paper, we study the thermal Hall effect of magnons in the 3D insulating honeycomb ferromagnet
CrI3. Using the experimentally deduced parameters, we compute the 3D thermal Hall conductivity
of magnons in CrI3 and show that it is not negligible and it is positively enhanced by the interlayer
coupling and the magnetic field. Our result provides an essential guide for future experimental
measurements of magnon thermal Hall conductivity in CrI3.
I. INTRODUCTION
Three-dimensional (3D) topological semimetals are ex-
otic phases of matter with gapless electronic excita-
tions, which are protected by topology and symmetry.
Their theoretical predictions and experimental discover-
ies have attracted considerable attention in condensed-
matter physics [1–8]. They currently remain an active
field of study. Nevertheless, the condensed matter real-
ization of topological semimetals is essentially indepen-
dent of the statistical nature of the quasiparticle excita-
tions. In fact the notion of Weyl points was first observed
experimentally in bosonic quasiparticle excitations [9].
There has been an intensive search for bosonic analogs
of 3D topological semimetals in insulating quantum mag-
nets with broken time-reversal symmetry [10–22]. Re-
cently, topological Dirac magnons protected by a coexis-
tence of inversion and time-reversal symmetry have been
experimentally observed in a 3D collinear antiferromag-
net Cu3TeO6 [14, 15]. This has opened a great avenue
for observing topological Weyl magnon (WM) points in
3D insulating quantum magnets. In magnetic bosonic
systems, however, it is essentially important that the
WM nodes occur at the lowest excitation if they were
to make any significant contributions to observable ther-
mal Hall transports. This is due to the population effect
of bosonic quasiparticles at low temperatures. In this
respect, WM nodes at the lowest excitation can be con-
sidered as the analog of electronic Weyl points close to
the Fermi energy. The WMs in the 3D kagome chiral
antiferromagnet exhibit a topological thermal Hall effect
[12]. Currently, they are the only known antiferromag-
netic system in which the WM nodes occur at the lowest
acoustic magnon branch and contribute significantly to
the thermal Hall transports.
It is well-known that electronic ferromagnetic Weyl
semimetal occurs as an intermediate phase between an
FIG. 1: Color online. Schematic of the topological magnon
phase diagram studied in this paper. The horizontal axis
represents the effect of uniaxial strain which we model as a
change in the spin exchange coupling along the (100) direc-
tion. The vertical axis is the magnetic field along the (001)
direction. There are four magnon phases in this system. The
3D NLM and 3D TPM appear at zero magnetic field or in the
conventional non-collinear spin structure. The 3D WM phase
appears in the unstrained limit at nonzero magnetic field in
the noncoplanar spin structure. The two new magnon phases
that appear due to strain in the noncoplanar spin structure
are the 3D MCI and the 3D trivial insulator.
ordinary insulator and a 3D quantum anomalous Hall in-
sulator [2, 23]. To our knowledge, this interesting topo-
logical phase boundary has not been established in 3D
topological antiferromagnets. Thus far, the topological
Dirac and Wely nodes that appear in 3D insulating an-
tiferromagnets [10–17] cannot transit to another topo-
logical magnon phase. In this respect, strain provides
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2an effective way to tune the band structure of crystal
in quantum materials. For instance, uniaxial strain can
induce chiral anomaly and topological phase transitions
in 3D topological Dirac and Wely semimetals [24–31].
Moreover, strain can also induce a 3D topological Dirac
semimetal in epitaxially-grown α-Sn films on InSb(111)
[32]. We envision that such strain effects could be possi-
ble in 3D topological antiferromagnets.
In addition, recent experiment has observed topolog-
ical magnons in the bulk honeycomb ferromagnet CrI3
at zero magnetic field [33], which follows from earlier
theoretical proposals in Ref. [34] followed by Ref. [35].
However, the observed topological magnons show a non-
vanishing dispersion along the out-of-plane c axis and
there is a non-negligible interlayer coupling. The fit-
ted parameters also contain exchange interactions up to
third nearest neighbours. Therefore, a complete 3D anal-
ysis of this system is desirable. In fact, the experimen-
tally observed topological ferromagnetic magnons in CrI3
should also exhibit the magnon thermal Hall effect, which
has been studied in other ferromagnetic insulators [36–
40, 42, 43].
In this paper, we study two different 3D insulating
quantum magnets. In the first part of this paper, we
propose a strain-induced topological magnon phase tran-
sition in 3D topological insulating antiferromagnets. Due
to the nature of the topological magnon band distribu-
tions in the 3D kagome chiral antiferromagnet, we have
chosen this system for our study. However, our results
can be extended to other 3D topological insulating an-
tiferromagnets such as Cu3TeO6 [14, 15]. We show that
under (100) uniaxial strain, a topological magnon phase
transition exist in the 3D topological insulating kagome
chiral antiferromagnet.
We have identified four different magnon phases in this
system as shown in Fig. (1). The 3D nodal-line magnon
(NLM) and the triple point magnon (TPM) appear at
zero magnetic field or at zero in-plane Dzyaloshinskii-
Moriya interaction (DM) interaction [44, 45] with a con-
ventional 3D in-plane 120◦ non-collinear spin structure.
They can be tuned by strain. The 3D WM phase ap-
pears in the unstrained limit at nonzero magnetic field
or non-zero in-plane DM interaction with a noncoplanar
chiral spin structure. The two new magnon phases that
appear due to strained noncoplanar chiral spin structure
are the fully gapped 3D MCI and the fully gapped 3D
trivial insulator. We show that the former has integer
Chern numbers, whereas the latter has zero Chern num-
ber. The study of the topological thermal Hall effect
of magnons shows that the thermal Hall conductivity is
suppressed in the fully gapped insulator phases. This im-
plies that strain suppresses the thermal Hall conductivity
of magnons.
In the second part of this paper, we provide a com-
plete computation of the magnon thermal Hall conduc-
tivity in the bulk honeycomb ferromagnet CrI3 using a
3D Heisenberg spin model and the experimentally de-
termined parameters [33]. We show that the magnitude
of the magnon thermal Hall conductivity in CrI3 is not
negligible and it is positively enhanced by the interlayer
coupling and the magnetic field. We believe that our re-
sult provides a promising guide for future thermal Hall
transport experiments in CrI3.
II. STRAINED 3D KAGOME CHIRAL
ANTIFERROMAGNET
We study 3D kagome chiral antiferromagnets in the
presence of (100) uniaxial strain and an external mag-
netic field along the (001) direction. The Heisenberg spin
model is given by
H =
∑
〈ij〉,`
Jij ~S
`
i · ~S`j +
∑
〈ij〉,`
~Dij · ~S`i × ~S`j
+ Jc
∑
〈``′〉,i
~S`i · ~S`
′
i − ~H ·
∑
i,`
~S`i , (1)
where ~S`i is the spin vector at site i in layer `. The first
term is the intralayer nearest-neighbour Heisenberg cou-
pling. We model the effect of uniaxial strain along the
(100) direction using the approximation that only the
Heisenberg spin interaction along the in-plane x direction
changes. In this case Jij = J1 along the diagonal bonds
and Jij = J1δ along the horizontal bonds, where δ is the
strain as shown in Fig. 2(a). An alternative approxima-
tion is to consider isotropic Heisenberg interactions with
lattice deformation in which only the primitive lattice
vectors change. This will also modify the in-plane diago-
nal bonds, although to a lesser extent. We note that since
the Weyl nodes in the isotropic limit is along the out-of-
plane direction, it suffices to consider only the change
along the in-plane horizontal bonds as the change along
the in-plane diagonal bonds will not give any new topo-
logical phase transitions. In other words, the topological
phase transition requires a modification of the in-plane
coupling constants. The second term is the out-of-plane
( ~Dij = ±Dzˆ) DM interaction due to inversion symmetry
breaking between two sites on each kagome layer. The
DM interaction alternates between the triangular plaque-
ttes of the kagome lattice and it stabilizes the conven-
tional in-plane 120◦ non-collinear spin structure. Its sign
determines the vector chirality of the non-collinear spin
order [46]. The third term is the nearest-neighbour in-
terlayer antiferromagnetic coupling between the kagome
layers, which is inevitably present in real kagome materi-
als [47–51]. Finally, the last term is an external magnetic
field along the stacking direction ~H = gµBHzˆ, where g
is the Landé g-factor and µB is the Bohr magneton.
In the absence of strain, i.e. δ = 1, the 3D noncoplanar
chiral kagome chiral antiferromagnets are intrinsic WM
semimetals. The noncoplanar chiral spin texture with
macroscopically broken time-reversal symmetry can be
induced by an in-plane intrinsic DM interaction or an
external magnetic field [12]. The WM phase in this sys-
tem cannot transit to any other magnon phase by chang-
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FIG. 2: Color online. (a) Top view of stacked kagome-lattice
antiferromagnets along the (001) direction. The distribution
of the DM interaction is denoted by the crossed and dotted
circles. The blue arrows denote the conventional non-collinear
spin order at zero magnetic field. A uniaxial strain is applied
along the (100) direction. (b) Top view of stacked honeycomb-
lattice ferromagnets along the (001) direction. The DM inter-
action is perpendicular to the midpoint of the second-nearest
neighbours denoted by the blue and red lines. (c) Configu-
ration of the scalar spin chirality on the kagome lattice. (d)
The bulk Brillouin zone of the hexagonal lattices.
ing the parameters of the system at δ = 1. Hence, it is
strictly robust. In this paper, we will investigate the fate
of the WM phase when a uniaxial strain is applied along
the (100) direction. A similar effect can be induced by ap-
plying pressure. First, let us understand the spin struc-
ture at H = 0. In this case, the in-plane spins on each
kagome layer are canted by the angle ϕ = arccos(−1/2δ),
where ϕ 6= 120◦ for δ 6= 1. There are various magnetic
phases for different limiting cases of δ. Nevertheless, our
main concern here is the regime where the in-plane spins
are non-collinear and stable. This happens in the regime
δ > 1/2.
A. Symmetry protection of the conventional
in-plane noncollinear spin structure
As previously discussed in ref. [12], the conventional 3D
in-plane 120◦ spin structure at zero magnetic field pre-
serves all the symmetries of the kagomé lattice. In par-
ticular, the combination of time-reversal symmetry (de-
noted by T ) and spin rotation denoted byRz(pi) is a good
symmetry [52], where Rz(pi) = diag(−1,−1, 1) denotes a
pi spin rotation of the in-plane coplanar spins about the
z-axis, and ‘diag’ denotes diagonal elements. In addition,
the system also has three-fold rotation symmetry along
the z direction denoted by C3. The combination of mir-
ror reflection symmetryMx,y of the kagome plane about
the x or y axis and T (i.e. TMxT or MyT ) is also a
symmetry of the conventional in-plane 120◦ non-collinear
spin structure [52, 60]. These symmetries are known as
the “effective time-reversal symmetry” and they lead to
nodal-line magnons and triply-degenerate nodal magnon
points in the conventional 3D in-plane 120◦ spin struc-
ture of the stacked kagome antiferromagnets.
B. Field-induced noncoplanar chiral spin texture
Next, we induce noncoplanar chiral spin texture in the
non-collinear regime by applying a magnetic field along
the (001) stacking direction. We note that a noncoplanar
chiral spin texture can also be induced if the intrinsic in-
plane DM interaction is present [47–51]. Due to the pres-
ence of an out-of-plane DM interaction, a magnetically-
ordered phase is present at low temperatures. In the or-
dered phase the magnetic excitations are magnons (quan-
tized spin waves). They can be captured clearly in the
linear spin wave theory approximation. First, let us ex-
press the spins in terms of local axes, such that the z-
axis coincides with the spin direction. This can be done
by performing a local rotation Rz(θi,`) about the z-axis
by the spin orientated angles θA,B,C = 0, ϕ,−ϕ, where
ϕ 6= 120◦ for δ 6= 1. As the external magnetic field in-
duces canting of spins in the out-of-plane direction, we
perform another rotation Ry(χ) about y-axis by the an-
gle χ. Now, the spins transform as
~Si,` → Rz(θi,`) · Ry(χ) · ~Si,`, (2)
where the rotation matrices Rz(θi,`),Ry(χ) are given in
the Appendix (A). Using the Holstein Primakoff trans-
formation [53], the non-interacting spin-wave Hamilto-
nian in momentum space can be written as
H = S
∑
~k,α,β
2
(
γ
(0)
αβ δαβ + γ
(1)
αβ
)
a†~kαa~kβ (3)
+ γ
(2)
αβ
(
a†~kαa
†
−~kβ + a~kαa−~kβ
)
,
where γ(i)αβ are 3 × 3 matrices (see Appendix (A)), and
S is the value for the spin. The three sublattices on the
kagome lattice are α, β = A, B, C. Here, a†~kα(a~kα) are
the bosonic creation (annihilation) operators.
As shown in Appendix (A), a finite magnetic field
H 6= 0 induces a noncoplanar chiral spin texture with
finite scalar spin chirality [see Fig. 2(c)] given by χijk,` =
cosχ~Si,` ·
(
~Sj,` × ~Sk,`
)
, where cosχ = H/HS(δ) and the
saturation field HS(δ) is given in the Appendix.
In contrast to other magnetic Weyl systems that rely
on time-reversal symmetry breaking by magnetic order,
it is important to note that the scalar spin chirality
breaks time-reversal symmetry macroscopically, and in-
duces Weyl nodes at δ = 1. At H = 0 the scalar spin chi-
rality vanishes. In this case, the unstrained 3D kagome
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FIG. 3: Color online. Strain-induced topological magnon phase transitions in 3D kagome chiral antiferromagnets. (a) 3D trivial
magnon insulator for δ = 0.75, (b) 3D acoustic WM for δ = 1, (c) 3D MCI for δ = 1.05. The other parameters are set as
Jc/J1 = 0.6, D/J1 = 0.2, H/J1 = 0.5.
FIG. 4: Color online. Heat map of the energy gap between the two acoustic magnon branches as a function of the momentum
along the high symmetry line -H–K–H and magnetic field. (a) 3D trivial magnon insulator for δ = 0.75. (b) 3D WMs for
δ = 1. (c) 3D MCI for δ = 1.05. The other parameters are set as Jc/J1 = 0.6, D/J1 = 0.2.
FIG. 5: Color online. Energy band gap between the two
lowest acoustic magnon bands alongK–H high symmetry line
as a function of strain. The parameters are Jc/J1 = 0.6,
D/J1 = 0.2, and H/J1 = 0.5.
chiral antiferromagnet at δ = 1 exhibits a coexistence
of 3D NLM and 3D TPM due to the symmetry protec-
tion of the conventional 3D in-plane 120◦ spin structure
at zero magnetic field as discussed above in Sec. (IIA).
These symmetry-protected nodal-line magnon phases can
be tuned for δ 6= 1 within the three magnon branches.
Since an effective time-reversal symmetry is present at
H = 0, there are no topological magnon phases in this
system. At H 6= 0, however, a noncoplanar chiral spin
texture with macroscopically broken time-reversal sym-
metry is induced. As we mentioned above, the magnon
bands of unstrained 3D kagome chiral antiferromagnet
at δ = 1 possesses robust WM points in the noncoplanar
regime, and they are the only topological magnon phase
in this regime.
C. Strain-induced topological phase transitions
Remarkably, the strained 3D kagome chiral antiferro-
magnet in the noncoplanar regime exhibits a topological
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FIG. 6: Color online. Chern number of the lowest acoustic
magnon band as a function of strain δ for different values of
the magnetic field (a) and as a function of the magnetic field
H/J1 for different values of strain δ (b). The other parameters
are set as Jc/J1 = 0.6, D/J1 = 0.2.
magnon phase transition with interesting features. We
will now investigate different aspects of these topological
phase transitions. First, let us consider the 3D magnon
band structures with varying δ. To establish a 3D spin
structure, we fix a strong interlayer coupling Jc/J1 = 0.6.
In Fig. (3) we have shown the evolution of the 3D magnon
bands along the Brillouin zone (BZ) paths in Fig. 2(d).
We can see that the uniaxial strain along the (100) direc-
tion gaps out the 3D WM phase at δ = 1 along the high
symmetry lines K–H and Γ–A of the BZ.
Let us define the gap between the two acoustic magnon
branches as
Egap = 2|E2(~k)− E1(~k)|. (4)
At the WM points Egap vanishes, and the fully gapped
magnon insulators are characterized by a non-zero Egap
along the high symmetry lines of the BZ. Next, let us
check if the regime δ 6= 1 is truly a fully gapped magnon
insulator with Egap 6= 0 for varying magnetic field in
the noncoplanar regime. For this purpose, we have fixed
the antiferromagnetic interlayer coupling to Jc/J1 = 0.6
and the DM interaction to D/J1 = 0.2. We then plot
the heat map of Egap as a function of the momentum
along the high symmetry lines and the magnetic field in
the noncoplanar regime. The heat map of Egap is shown
in Figs. 4(a)–(c) for different regimes of δ. At the crit-
ical point δ = 1 we can see that gapless points (black
lines) appear between the two acoustic magnon branches,
which signify the presence of WM points along -H–K–H
lines. In the regimes δ < 1 and δ > 1 there are no dis-
cernible gapless points along the -H–K–H line of the BZ.
Therefore these two regimes define fully gapped magnon
insulators, however with different properties as we will
see later. Furthermore, in Fig. (5) we have shown the
evolution of the magnon energy band gap Egap along the
K–H high symmetry line as a function of the strain pa-
rameter δ. We can see that the three distinct regions are
clearly identified. We have checked that similar trends
are manifested along the -A–Γ–A line.
Now, we will consider the Chern number topological
phase transition of the system. This will justify the topo-
logical and non-topological regimes of δ. We will focus on
the lowest acoustic magnon branch in which the strain-
induced topological phase transition occurs. In this case,
we can formally define the 3D trivial magnon insulator as
the state where the Chern number of the lowest acoustic
magnon branch vanishes, and a 3D MCI as the state with
non-zero integer Chern numbers. The 3D antiferromag-
netic system can be considered as slices of 2D antiferro-
magnetic MCIs [55, 56] interpolating between the kz = 0
and kz = pi planes. For an arbitrary kz point the Chern
number of the magnon energy branches can be defined
as
Cn = 1
2pi
∫
BZ
d~k‖Ωnxy(~k‖, kz), (5)
where ~k‖ = (kx, ky) is the in-plane momentum vector and
Ωnαβ(
~k‖, kz) is the momentum space Berry curvature for
a given magnon band n defined as
Ωnαβ(
~k) = −2Im
∑
m6=n
[ 〈P~kn|vˆα|P~km〉 〈P~km|vˆβ |P~kn〉 ][
En(~k)− Em(~k)
]2 ,
(6)
where vˆα = ∂HB(~k)/∂kα defines the velocity operators
with α 6= β = x, y, z and ~k = (~k‖, kz) is the 3D mo-
mentum vector. P~km are the columns of a paraunitary
operator, see the Appendix.
For an arbitrary kz point and δ 6= 1 the Chern num-
ber is well-defined in the noncoplanar regime. The Chern
number of all the 2D slices at an arbitrary kz point is the
same because the planes at two kz points can be adia-
batically connected without closing the gap for δ 6= 1.
For δ = 1 the Chern number is only well-defined for
−kcz < kz < kcz, where kcz is the location of the Weyl
points along the kz momentum direction. Based on this
consideration, we have shown the plots of the Chern num-
ber of the lowest acoustic magnon band as a function of
strain δ for different values of H/J1 in Fig. 6(a), and as
a function of the magnetic field H/J1 for different values
of δ in Fig. 6(b). In both figures, we can see that the
regime δ < 1 has zero Chern numbers. Therefore, the
system is a 3D trivial magnon insulator for δ < 1. For
small magnetic field in the regime δ > 1, however, the
Chern number of lowest acoustic magnon band is C = −1
and changes it changes sign as the sign of the magnetic
field is flipped. At the 3D WM phase δ = 1, the Chern
number is C = −2 for small magnetic field.
D. Topological thermal Hall effect
Having identified the different magnon phases in the
strained 3D kagome chiral antiferromagnet, we will now
6study an experimentally feasible measurement that can
be performed on this system. The topological thermal
Hall effect of magnons refers to the generation of a trans-
verse thermal Hall voltage in the presence of a longitudi-
nal temperature gradient due to the presence of noncopla-
nar chiral spin textures. In principle, it does not neces-
sarily require the DM interaction provided a noncoplanar
chiral spin configuration can be established, for example
by adding further nearest-neighbour interactions. There-
fore, the topological thermal Hall effect of magnons is
different from the conventional magnon thermal Hall ef-
fect in insulating ferromagnets which strictly requires the
DM interaction [36–43].
In the 3D model, the topological thermal Hall conduc-
tivity has three contributions κ3Dyz , κ3Dzx , and κ3Dxy , where
the components are given by [41]
κ3Dαβ = −kBT
∫
BZ
d~k
(2pi)3
N∑
n=1
c2
(
fBn
)
Ωnαβ(
~k), (7)
where fBn =
(
eEn(
~k)/kBT − 1)−1 is the Bose occupa-
tion function, kB the Boltzmann constant which we
will set to unity, T is the temperature and c2(x) =
(1 + x)
(
ln 1+xx
)2 − (lnx)2 − 2Li2(−x), with Li2(x) being
the dilogarithm. In Eq. (7), we have dropped the term
−pi23
∑N
n=1 Ω
n
αβ(
~k), since the sum of the Berry curvature
of the three magnon bands is zero.
Due to the Bose occupation function, the dominant
contribution to κ3Dαβ comes from the lowest magnon
branch, where the topological phase transitions occur in
the current system. As the noncoplanar chiral spin con-
figuration is induced along the z direction, the first two
components κ3Dyz and κ3Dzx vanish. The nonzero compo-
nent κ3Dxy can be written as
κ3Dxy =
∫ pi
−pi
dkz
2pi
κ2Dxy (kz), (8)
where κ2Dxy (kz) is 2D thermal Hall conductivity for each
slice of the kz plane, which is given by
κ2Dxy (kz) = −kBT
∫
BZ
d~k‖
(2pi)2
N∑
n=1
c2(f
B
n )Ω
n
xy(
~k‖, kz). (9)
We have performed the 3D integration to calculate the
topological thermal Hall conductivity. In Figs. 7(a) and
(b) we have shown the trends of κ3Dxy as a function of the
magnetic field and temperature respectively for different
regimes of δ. We find that the magnitude of κ3Dxy is sup-
pressed in the 3D insulator phases. In other words, strain
decreases the thermal Hall conductivity. We note that in
the 3D WM phase the magnitude of κ3Dxy is dominated
by the states near the WM nodes at the lowest magnon
branch due to large Berry curvatures. In this case the
thermal Hall conductivity is proportional to the distance
separating the WM nodes in momentum space in analogy
to the anomalous Hall conductivity in Weyl semimetals
[2]. In the 3D insulator phases the magnitude of κ3Dxy is
dominated by the states near the topological gaps at the
lowest magnon branch. Despite zero Chern number in the
3D trivial insulator phase, we can see that κ3Dxy is nonzero
for δ < 1. This is in stark contrast to electronic systems
where the Fermi energy can guarantee a completely filled
band and zero Hall conductivity in the trivial insulator
phase. In magnonic (bosonic) systems the Bose occu-
pation function eliminates this restriction as the bands
are thermally populated. Therefore, the thermal Hall
effect in insulating quantum magnets is not a direct con-
sequence of Chern number protected topological bands.
It depends solely on the Berry curvature of the magnon
bands irrespective of their topological classifications. In
Fig. 7(c), we have shown the temperature dependence of
κ3Dxy for varying interlayer coupling in the MCI phase for
δ = 1.05. We can see that the increase in the interlayer
coupling deceases κ3Dxy . The plot of κ3Dxy vs. 1 − δ at
low temperature T/J1 = 0.35 depicted in Fig. 8 shows
the three regimes in the topological phase diagram. Evi-
dently, the thermal Hall conductivity of Weyl magnons is
maximum because they carry the dominant contribution
of the Berry curvature.
III. THREE-DIMENSIONAL HONEYCOMB
FERROMAGNET
Motivated by recent experiment [33], we study the bulk
3D honeycomb ferromagnet CrI3. The Heisenberg spin
model is given by
H = −
∑
ij,`
Jij ~S
`
i · ~S`j +
∑
〈〈ij〉〉,`
~Dij · ~S`i × ~S`j
−K
∑
i,`
(Sz,`i )
2 − Jc
∑
〈``′〉,i
~S`i · ~S`
′
i − ~H ·
∑
i,`
~S`i . (10)
The first term is the intralayer Heisenberg coupling up
to third nearest-neighbours Jij = J1, J2, J3. The sec-
ond term is the DM interaction due to inversion sym-
metry breaking on the second nearest-neighbour bonds
~Dij = νijDzˆ, where νij = ±1 for clockwise and counter-
clockwise hopping magnons on each honeycomb layer
sublattices as depicted in Fig. 2(b). The third term is
the easy-axis anisotropy. The fourth term is the nearest-
neighbour ferromagnetic interlayer coupling. Finally, the
last term is an external Zeeman magnetic field along
the stacking c(z) direction ~H = gµBHzˆ, where g is the
Landé g factor and µB is the Bohr magneton. We con-
sider congruently-stacked honeycomb ferromagnetic lay-
ers. Due to a nonzero easy-axis anisotropy in CrI3, recent
experiment shows that the magnetic spin moments are al-
ready polarized along the c axis at zero magnetic field,
which enables the observation of topological magnon dis-
persions without an external applied magnetic field [33].
This is in stark contrast to the in-plane kagome ferromag-
net Cu(1,3-bdc) [37], where the magnetic field is required
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FIG. 7: Color online. Plot of κ3Dxy vs. H/J1 for T/J1 = 0.5, Jc/J1 = 0.6, and different regimes of δ. (b) κ3Dxy vs. T/J1 for
H/J1 = 0.5, Jc/J1 = 0.6, and different regimes of δ. (c) κ3Dxy vs. T/J1 for H/J1 = 0.5, δ = 1.05 and different values of Jc/J1.
The DM interaction is D/J1 = 0.2 for all figures.
FIG. 8: Color online. Plot of κ3Dxy vs. 1− δ for T/J1 = 0.35,
Jc/J1 = 0.6, D/J1 = 0.2, and H/J1 = 0.5.
to polarize the spins along the z axis.
By fitting the observed topological magnon disper-
sions, the following parameters were deduced [33]: J1 =
2.01 meV, J2 = 0.16 meV, J3 = 0.18 meV, D = 0.31
meV, K = 0.22 meV, and Jc = 0.59 meV.
A. Bosonic model for CrI3
At Curie temperature Tc = 61 K, ferromagnetic order-
ing appears with Cr3+ spins (S = 3/2) oriented along
the c axis [33]. Therefore, the magnon dispersions can
be captured by the linearized Holstein Primakoff (HP)
transformation
Sz,`i = S − a†,`i a`i , S+,`i ≈
√
2Sa`i = (S
−,`
i )
†, (11)
where a†,`i (a
`
i) are the bosonic creation (annihilation) op-
erators, and S±,`i = S
x,`
i ± iSy,`i denote the spin rais-
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FIG. 9: Color online. Topological spin wave modes in CrI3
with the experimentally deduced parameters at zero magnetic
field. The acoustic (lower) and optical (upper) spin wave
dispersions carry a Chern number of C = ±1 respectively.
Inset shows the evolution of the Chern numbers with varying
J3.
ing and lowering operators. The resulting noninteracting
magnon Hamiltonian in momentum space can be written
as
H = E0 + S
∑
~k
ψ†(~k) · H(~k) · ψ(~k), (12)
where E0 is the mean-field energy, ψ†(~k) = (a
†
~k,A
, a†~k,B)
is the basis vector. The momentum space Hamiltonian
is given by
H(~k) =
(
m(~k‖) + f(~k) f1(~k‖) + f3(~k‖)
f†1 (~k‖) + f
†
3 (
~k‖) m(−~k‖) + f(~k)
)
. (13)
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FIG. 10: Color online. The 3D magnon thermal Hall con-
ductivity of CrI3 as a function of temperature for different
values of J3 using the experimentally deduced parameters
at zero magnetic field. Inset shows the dependence of the
magnon thermal Hall conductivity on Jc/J1 for different val-
ues of T/J1.
FIG. 11: Color online. (a) Heat map of κ3Dxy in CrI3 in the
plane of the H/J1 and T/J1 using the experimentally deduced
parameters. (b) Plot of κ3Dxy vs. D for some values of T/J1
at zero magnetic field H = 0. (c) Plot of κ3Dxy vs. J3 for some
values of T/J1 at zero magnetic field H = 0.
where
f(~k) = 3(J1 + J3) + 2K + gµBH/S (14)
+ 6J2 − 2J2
[
cos(k1‖) + cos(k
2
‖) + cos
(
k1‖ − k2‖
)]
+ 2Jc(1− cos kz),
f1(~k‖) = −J1
[
1 + e−ik
1
‖ + e−ik
2
‖
]
, (15)
f3(~k‖) = −J3
[
e−i(k
1
‖+k
2
‖) + 2 cos
(
k1‖ − k2‖
)]
, (16)
m(k‖) = 2D
[− sin(k1‖) + sin(k2‖) + sin (k1‖ − k2‖)], (17)
and ki‖ = ~k · ~ai with ~a1,2 = ±
√
3xˆ/2 + 3yˆ/2.
B. Topological spin excitations and Chern numbers
in CrI3
The topological magnon dispersions are depicted in
Fig. (9) with the experimentally deduced parameters
at zero magnetic field. We can see that the acoustic
(lower) and the optical (upper) magnon modes are well-
separated. As observed in the experiment [33], the op-
tical magnon mode extends up to ~ω = 20 meV in the
kz = 0 plane and the acoustic magnon mode extends up
to ~ω = 2 meV along the line kx = ky = 0. The small
gap at the Γ point is due to nonzero easy-axis anisotropy
K = 0.22 meV. The gaps at the Dirac points at K
and H can be attributed to a nonzero DM interaction
D = 0.31 meV. This leads to nonzero Chern numbers.
Using the experimentally deduced parameters [33], we
find C± = ∓1 for the lower and upper spin wave modes
of the 3D system. The inset of Fig. (9) shows the varia-
tion of the Chern numbers as a function of J3.
C. Thermal Hall effect of magnons in CrI3
The thermal Hall effect of magnons in insulating ferro-
magnets has been extensively studied both theoretically
and experimentally in different insulating ferromagnets
[36–40, 42, 43]. However, the thermal Hall effect in CrI3
has not been studied using the 3D model in Eq. (10). The
thermal Hall effect provides a way to access the magnetic
excitations in quantum magnets, and it is believed to be
due to topological magnons in ordered insulating ferro-
magnets. Therefore, a nonzero thermal Hall conductivity
will solidify the belief that the observed magnon modes
in CrI3 are indeed topological. Similar to the 3D chiral
kagome antiferromagnets, the total intrinsic anomalous
thermal Hall conductivity in the present case also has
the three contributions κ3Dyz , κ3Dzx , and κ3Dxy , but only the
the contributions of κ3Dxy are nonzero as the spins are fully
polarized along the z axis. Therefore, Eqs. (8) and (9)
are also valid in the present case.
In Fig. (10) we have shown the temperature depen-
dence of the 3D magnon thermal Hall conductivity of
CrI3 up to T = J1 ∼ 23 K, which is below Tc = 61 K.
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is negative and drops with increasing temperature (note
that Tc/J1 ∼ 2.6). The magnon thermal Hall conductiv-
ity also increases positively with increasing J3. The inset
of Fig. (10) shows that the fully 3D model has a posi-
tively enhanced magnon thermal Hall conductivity than
the 2D system at Jc = 0. Indeed, experiment shows that
the magnon dispersion along the c axis does not vanish
and Jc 6= 0 [33]. In Fig. (11) we have shown the heat
map of κ3Dxy in CrI3 in the plane of the magnetic field
and temperature (a), the trend of κ3Dxy vs. D (b), and
the trend of κ3Dxy vs. J3 (c) for some values of T/J1. In
(a) and (c) we can see that κ3Dxy is also positively en-
hanced by increasing magnetic field and J3, whereas it
decreases negatively with increasing D as shown in (b).
IV. CONCLUSION
We have proposed a strain-induced topological phase
transition in 3D topological insulating antiferromagnets
and studied the 3D magnon thermal Hall effect in CrI3.
In the first part of our results, we have shown that
in the presence of (100) uniaxial strain, the antiferro-
magnetic WM in 3D topological insulating antiferromag-
nets is an intermediate phase between a 3D antiferro-
magnetic MCI with integer Chern numbers and a 3D
antiferromagnetic trivial insulator with zero Chern num-
ber. We further showed that the thermal Hall conductiv-
ity of magnons is suppressed in the 3D insulator phases.
Besides, we found that the 3D trivial magnon insula-
tor with zero Chern number possess a non-zero thermal
Hall conductivity due to the bosonic nature of magnons.
We believe that our results can be investigated exper-
imentally in various 3D insulating antiferromagnets by
applying uniaxial strain or pressure. For the 3D kagome
chiral antiferromagnets, there are various promising ma-
terials that have been synthesized lately [47–51]. Further-
more, it will be interesting to experimentally investigate
the effects of strain on the recently observed 3D topo-
logical Dirac magnons in the insulating antiferromagnet
Cu3TeO6 [14, 15]. Due to the similarity between 3D
insulating and metallic kagome chiral antiferromagnets,
we envision that the current results could also manifest
in the 3D antiferromagnetic topological Weyl semimetals
Mn3Sn/Ge [57–62].
In the second part of our results, we computed the
magnon thermal Hall conductivity of CrI3 using the ex-
perimentally determined values of the parameters [33].
We found that the magnon thermal Hall conductivity of
CrI3 can be observed in experiment and it can be also
be enhanced by the interlayer coupling and the magnetic
field. The temperature dependence of the magnon ther-
mal Hall conductivity is also negative, which suggests
electron-like. Therefore, if the observed magnon disper-
sions in CrI3 are topological, we believe that our results
will pave the way for future experimental measurements
of magnon thermal Hall conductivity in CrI3.
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Appendix A: Spin wave theory
The rotation matrices that transform the spins are
given by
Rz(θi,`) =
cos θi,` − sin θi,` 0sin θi,` cos θi,` 0
0 0 1
 . (A1)
Ry(χ) =
 cosχ 0 sinχ0 1 0
− sinχ 0 cosχ
 . (A2)
Rz(θi,`) · Ry(χ) =
cos θi,` cosχ − sin θi,` cos θi sinχsin θi,` cosχ cos θi,` sin θi,` sinχ
− sinχ 0 cosχ
 .
(A3)
Next, we apply the transformation in Eq. (2). The
terms that contribute to linear spin wave theory are given
by
HJ =
∑
〈ij〉,`
Jij
[
cos θij,`~Si,` · ~Sj,`
+ 2 sin2
(
θij,`
2
)(
sin2 χSxi,`S
x
j,` + cos
2 χSzi,`S
z
j,`
)
+ sin θij,` cosχzˆ · ~Si,` × ~Sj,`
]
, (A4)
HD = D
∑
〈ij〉,`
[
− cos θij,` cosχzˆ · ~Si,` × ~Sj,`
+ sin θij,`
(
cos2 χSxi,`S
x
j,` + S
y
i,`S
y
j,` + sin
2 χSzi,`S
z
j,`
)]
,
(A5)
HJc = Jc
∑
i,〈``′〉
[
cos θ``′ ~Si,` · ~Si,`′
+ 2 sin2
(
θ``′
2
)(
sin2 χSxi,`S
x
i,`′ + cos
2 χSzi,`S
z
i,`′
) ]
,
(A6)
where θαβ = θα − θβ . The emergent field-induced scalar
spin chirality due to non-coplanar spin structure is given
by
χijk,` ∝ cosχ~Si,` ·
(
~Sj,` × ~Sk,`
)
. (A7)
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The magnetic field term is given by
HZ = −H cosχ
∑
i,`
Szi,`. (A8)
The classical ground state energy is given by
Ecl(ϕ)/NS
2 = 2J1(2 + δ)
[
(1− cosϕ) cos2 χ+ cosϕ]
− 4D sin2 χ sinϕ(1− cosϕ)
− 2Jc(1− 2 cos2 χ)− 3H cosχ, (A9)
where N is the number of sites per unit cell. The mag-
netic field has been rescaled in unit of S. By min-
imizing the classical energy we get the canting angle
cosχ = H/HS(δ), where HS(δ) =
(1−cosϕ)
3
[
4J1(2 + δ) +
8D sinϕ
]
+ 4Jc.
We can now perform the linearized Holstein Primakoff
transformation [53]
Szi,` = S − a†i,`ai,`, S+i,` ≈
√
2Sai,` = (S
−
i,`)
†, (A10)
where a†i,`(ai,`) are the bosonic creation (annihilation)
operators, and S±i,` = S
x
i,` ± iSyi,` denote the spin raising
and lowering operators.
The noninteracting spin wave Hamiltonian for the in-
tralayer interactions is given by
HJij−D = S
∑
〈ij〉
[
M
(0)
ij (a
†
i,`ai,` + a
†
j,`aj,`) (A11)
+M
(1)
ij (e
−iΦij,`a†i,`aj,` + H.c.)
+M
(2)
ij (a
†
i,`a
†
j,` + H.c.)
]
+ hχ
∑
i
a†i,`ai,`,
where hχ = h cosχ,
M
(0)
ij = −Jij [cos θij + 2 cos2 χ sin2(θij/2)] (A12)
−D sin2 χ sin θij ,
M
(1)
ij =
√
(Mrij)
2 + (Mmij )
2, (A13)
Mrij = Jij
[
cos θij +
2 sin2 χ sin2 (θij/2)
2
]
(A14)
+D sin θij
(
1− sin
2 χ
2
)
,
Mmij = cosχ (Jij sin θij −D cos θij) , (A15)
M
(2)
ij =
sin2 χ
2
(
2Jij sin
2(θij/2)−D sin θij
)
. (A16)
Recall that θij = θi − θj , with θA, θB , θC = 0, ϕ,−ϕ,
where ϕ 6= 120◦ for δ 6= 1. The fictitious magnetic flux
or solid angle subtended by three non-coplanar spins is
given by
tan Φij =
Mmij
Mrij
. (A17)
The noninteracting spin wave Hamiltonian for the inter-
layer coupling is given by
HJc = S
∑
i,`
t(0)c a
†
i,`ai,` + S
∑
i,〈``′〉
[
t(1)c (a
†
i,`ai,`′ + H.c.)
+ t(2)c (a
†
i,`a
†
i,`′ + H.c.)
]
, (A18)
where
t(0)c = −2Jc cos 2χ, (A19)
t(1)c = −Jc cos2 χ, (A20)
t(2)c = Jc sin
2 χ. (A21)
Next, we Fourier transform Eqs. (A11) and (A18)
into momentum space and assemble all the terms to-
gether. Let us define the basis vector ψ†(~k) =
(a†~k,A, a
†
~k,B
, a†~k,C , a−~k,A, a−~k,B , a−~k,C), the resulting spin
wave Hamiltonian in momentum space can be written as
H = 1
2
∑
~k
ψ†(~k) · H(~k) · ψ(~k), (A22)
where
H(~k) = S
( A(~k) B(~k)
B∗(−~k) A†(~k)
)
(A23)
where A(~k) = γ(0)(~k) + γ(1)(~k) and B(~k) = γ(2)(~k).
The matrices are given by
γ(0)(~k) =
γAA 0 00 γBB 0
0 0 γCC
 , (A24)
where
γAA = M
(0)
AB +M
(0)
CA + t
(1)
c cos kz +
hχ
2
, (A25)
γBB = γCC = M
(0)
AB +M
(0)
BC + t
(1)
c cos kz +
hχ
2
. (A26)
γ(1)(~k) =
 0 γ
(1)
ABe
−iΦAB γ(1)CAe
iΦCA
γ
∗(1)
AB e
iΦAB 0 γ
(1)
BCe
−iΦBC
γ
∗(1)
CA e
−iΦCA γ∗(1)BC e
iΦBC 0
 ,
(A27)
γ(2)(~k) =
t
(2)
c cos kz γ
(2)
AB γ
(2)
CA
γ
∗(2)
AB t
(2)
c cos kz γ
(2)
BC
γ
∗(2)
CA γ
∗(2)
BC t
(2)
c cos kz
 , (A28)
where
γ
(1)
AB = M
(1)
AB cos k1, (A29)
γ
(1)
BC = M
(1)
BC cos k2, (A30)
γ
(1)
CA = M
(1)
CA cos k3 (A31)
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γ
(2)
AB = M
(2)
AB cos k1, (A32)
γ
(2)
BC = M
(2)
BC cos k2, (A33)
γ
(2)
CA = M
(2)
CA cos k3 (A34)
The momentum vectors are ki = ~k · ~ai, with ~a1 =
−(1/2, √3/2), ~a2 = (1, 0), ~a3 = (−1/2,
√
3/2).
Appendix B: Generalized Bogoliubov transformation
The Hamiltonian (13) can be diagonalized by pa-
raunitary operators P~k. This is equivalent to diago-
nalizing the bosonic Bogoliubov Hamiltonian HB(~k) =
τ3H(~k) with τ3 = diag(IN×N ,−IN×N ), where IN×N
is an identity N × N matrix. The magnon Hamil-
tonian H(~k) can be diagonalized using the bosonic
Bogoliubov transformation: ψ~k = P~kQ~k, where
Q†~k = (b
†
~kA
, b†~kB , b
†
~kC
, b−~kA, b−~kB , b−~kC) are the Bogoli-
ubov quasiparticles, and P~k is a 2N × 2N paraunitary
matrix defined as
P~k =
(
u~k v~k
v~k u~k
)
, (B1)
where u~k and v~k are N ×N matrices that satisfy
|u~k|2 − |v~k|2 = IN×N . (B2)
The matrix P~k satisfies the relations,
P†~kτ3P~k = τ3, P
†
~k
H(~k)P~k = E(~k), (B3)
where
E(~k) =
(
En(~k) 0
0 En(−~k)
)
, τ3 =
(
IN×N 0
0 −IN×N
)
,
(B4)
with energy band En(~k) and band index n.
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